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Abstract:
Using an idea of Erdős the paper establishes a criterion for the linear independence of
infinite products which consist of rational numbers. A criterion for irrationality is obtained as
a consequence.
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Introduction
Following Erdős [3] we prove
Theorem 1 Let K be a non-negative integer and let {an}∞n=1 be a non-decreasing se-
quence of positive integers such that



























linearly independent over the rational numbers.
As a consequence of this theorem we obtain a criterion for infinite products to be irrational.
Theorem 2 Let {an}∞n=1 be a non-decreasing sequence of positive integers such that






















) is irrational for all se-






is irrational for every sequence {an}∞n=1 of positive integers.
Hančl and Kolouch [8] proved that if limn→∞ a
1
2n




) is irrational, but we do not know if it is transcendental.













) is irrational for all sequences {an}∞n=1 of positive integers.





is irrational for all sequences {an}∞n=1 of
positive integers.







. On the other side the authors





) is irrational. In fact we are not able to





) is irrational for any k ∈ Z+, k 6= 1. This is analogous
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k ∈ Z+, k 6= 1 where {pn}∞n=1 is the increasing sequence of all primes. We know that for
even k the number ζ(k) is transcendental and that ζ(3) is an irrational number. But we





) is irrational for any k ∈ Z+, k 6= 1.
Hančl and Tijdeman [10] proved that if {vn}∞n=1 is an unbounded non-decreasing
sequence of positive integers such that vn = o(
√















) are Q-linearly independent where π(n) denotes the



















where bn ∈ Z and bn < n
1
2
−ε for all large n and where σ(n) and
φ(n) denote the sum of divisors of n, and Euler’s totient function of n respectively. A
nice result proved recently is due to Deajim and Siksek [2]. They proved the Q-linear





where σk(n) denotes the sum of the k-th powers
of the positive divisors of n, assuming a standard conjecture of Schinzel on the prime
values taken by a family of polynomials. Several general results concerning the linear
independence of infinite series can be found in [7] and [9]. For other results in this theory
see [6], [11], [12] or [14], for instance.
Choi and Zhou [1] obtained some results regarding the linear independence of infinite
products of rational numbers. There exists a nice book by Nishioka [13] which contains
a review of results concerning the linear and algebraic independence of infinite products
and series which use the strong tools of Mahler’s method.
Our main theorem is Theorem 3 concerning Q-linear independence. As a conse-
quence of Theorem 3 we obtain a criterion for irrationality in Theorem 4.
We denote by Z, Z+, N, and Q the set of all integers, positive integers, natural
numbers including zero, and rational numbers, respectively. The functions π(x), [x], and
log2 x are the number of primes less than or equal to x, the greatest integer less than or
equal to x, and the logarithm to the base 2 of the number x, respectively.
Main result
Our first theorem is a basic result which deals with the Q-linear independence of infinite
products of rational numbers.
Theorem 3 Let K be a positive integer and let ε be a positive real number. Assume


















= 0, for all j, i ∈ {1, ..., K}, i > j. (2)




1,n , i = 1, ..., K, (3)





1,n < a1,n < ai,na
1
log1+ε2 log2 a1,n











), and the number 1 are Q-linearly
independent.
Example 1 Let K be a positive integer greater than 1. As an immediate consequence













where j = 1, ..., K − 1, are Q-linearly independent.
Our second theorem is a consequence of the previous theorem and deals with the
irrationality of infinite products over the rational numbers
Theorem 4 Let ε be a positive real number. Suppose that {an}∞n=1 and {bn}∞n=1 are two











n hold for every large





) is an irrational number.
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[9] Hančl J., Sobková S. : Special linearly unrelated sequences, J. Math. Kyoto Univ.,
vol. 46, no. 1, (2006), 31–45.
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